We investigate higher-dimensional analogues of the bc systems of 2D RCFT. When coupled to gauge fields and Beltrami differentials defining integrable holomorphic structures the bc partition functions can be explicitly evaluated using anomalies and holomorphy. The resulting induced actions generalize the chiral algebras of 2D RCFT to 2n dimensions.
Introduction
This paper continues an investigation into the application and generalization of twodimensional conformal field theory to analogous higher dimensional theories begun in [1] [2] [3]. We will show that the theories studied in [1] [2] [3] are closely related to supersymmetric models. In particular, we consider actions for gauge and gravitational fields induced by integrating over chiral multiplets and hypermultiplets in four and six dimensions. For certain background fields the induced action can be written explicitly as a "sigma model Lagrangian" in a class of Lagrangians we name chiral cocycle Lagrangians. The chiral cocycle Lagrangians are naturally defined for all 2n-dimensional spacetimes with a complex structure. Moreover they are derivable from characteristic classes. The chiral cocycle theories generalize both the W ZW 2 theory of two dimensions [4] (including its gravitational generalization [5] ) and its four dimensional counterpart investigated in [6] [1] . These results are in close analogy to the results of Polyakov and Wiegmann and Polyakov [7] [8] [5] in two-dimensions.
To motivate the theories let us begin by recalling the important notion of twodimensional bc systems [9] [10] . These are defined by choosing a complex structure on a surface X 2 and introducing anticommuting ( The second equation emphasizes the interpretation of Z ch as the generating function of current correlators. On the other hand, in two dimensions,ā is (locally) holomorphically pure gauge, e.g.,ā = g −1∂ g for a GL(r,C) gauge transformation g. Using the analytically continued formula for the anomaly one easily evaluates (1.2), discovering current algebra from the Lie algebra cocycle and the W ZW 2 action from the group cocycle. A similar procedure includingμ and the metric leads to the gravitational W ZW theory, the diffeomorphism anomaly, the Virasoro algebra, and Liouville theory.
In this paper we indicate how the above argument generalizes to higher-dimensional theories. We will define a theory analogous to (1.2) in 2n dimensions. For holomorphically trivial fieldsā,μ we will use the anomaly to evaluate Z ch (ā,μ) exactly in terms of a group cocycle.
We generalize (1.1) to higher dimensions simply by writing (1.1) where c is now a (0, j)
form on an n-complex dimensional manifold X 2n with values in a vector bundle E → X 2n , b is an (n, n − 1 − j)-form valued in the dual bundle E * ,ā is the (0, 1) part of a connection on E andμ is a Beltrami differential. When n is larger than one an essential new element emerges: the number of degrees of freedom in b, c do not balance, and one must introduce further fields to make sense of (1.2) . If the background fields satisfy:
then there is a very natural way to introduce these extra fields: (1. 3) implies that (1.1)
has a gauge invariance Y : c → c +∂μ ,ā ǫ. Gauge-fixing the Y -symmetry then leads unambiguously to the higher-dimensional bc theories. We describe this in detail in section two. The gauge-fixed Lagrangian has a BRST symmetry Q. It turns out that, on a
Kähler manifold the bc system is nothing but a Weyl fermion (together with a collection of bosons) coupled to a gauge field A = (a,ā) with both (1, 0) and (0, 1) pieces. The (1, 0) piece, a, enters through gauge fixing. In fact, as we show in section three, in four and six dimensions this theory of bosons and fermions is simply supersymmetric matter, twisted using a Kahler structure as in [11] [12] [13] .
The key equation (1. 3) has a simple geometric meaning. The equation forμ is the Kodaira-Spencer equation, so the Beltrami differentialμ defines an integrable deformation of complex structure, whileā defines a holomorphic structure on the vector bundle E in this complex structure. The equation (1.3) is solved -locally -by writing the backgrounds as "holomorphically pure gauge"ā
where g(z,z) is a GL(r,C) gauge transformation, (z,z) → (f (z,z),z) is a chiral diffeomorphism, and (∂f ) is a matrix of derivatives. Of course, in general there are obstructions to writing (1.4) globally because of the existence of moduli. However, the dependence on the underlying groups is of primary importance and is hence the focus of this paper. Thus, in this paper we ignore moduli and zeromodes and focus on the g and f dependence. The very interesting and important problem of dependence on moduli is a subject to which we hope to return.
In section four we address the definition of the chiral partition function (1.2), and in section five we evaluate it. In direct analogy to the two-dimensional case the partition function (1.2) can be evaluated exactly for the class of backgrounds (1.3). The essential argument for this is extremely simple and proceeds as follows. Since we have a Weyl fermion the chiral partition function must have an anomalous variation under unitary gauge transformations of A. In an appropriate regularization (which we will refer to as the "standard regularization")
where α s (A, u) is the standard anomaly functional derived from descent [14] [15] [16] . 1 On the other hand, if Z ch can be defined maintaining Q-invariance then it must be a function ofā only, that is, it must be a-independent. (More generally it must be independent of gauge fixing):
A glance at the standard formula for α s (see, e.g., eq. (5.2) below) shows that Z ch,s cannot be holomorphic, hence the standard regularization does not preserve Q-symmetry.
The situation is redeemed by the addition of a local counterterm, or, what is the same, by a change of regularization. In more algebraic langauge, a change of regularization corresponds to a change of the anomalous group 1-cocycle α s by a coboundary α s → α = α s +δγ. The absence of a Y -anomaly implies the preservation of Q-invariance. A necessary condition for Q invariance is the existence of a local functional γ(a,ā) such that the group
is a-independent. In section 5.1 below we show that such a γ exists. After analytic continuation of (1.5) in u, we are in a position to gauge awayā = g −1∂ g from Z ch .
The result is the chiral cocycle Lagrangian:
where g is in the complexified gauge group. It is possible to write explicit formulae for α h . The Lie algebraic cocycle corresponding to (1.7) is very simply written:
Trǫ(∂ā) n (1.8)
1 In more algebraic language, α s (A, u) is a "1-cocycle taking values in functions of connections."
and the corresponding chiral cocycle Lagrangian (in four dimensions) is:
where ℓ = g −1 ∂g,l = g −1∂ g. As we show in section seven, Γ[g] can be obtained directly from a holomorphic version of the descent procedure [14] [15] [16] and has the form
where D is a disk and we extend g so that g = 1 on the boundary of g.
Studying theμ-dependence of (1.2) in a similar spirit leads to analogous formulae for group cocycles for the group of chiral diffeomorphisms. Parametrizingμ as in (1.4) we find in section 8 that log
where F is an inverse to f and J(F ) is the GL(n,C) matrix ∂ i F j , i.e. the chiral Jacobian. The Lie algebra cocycle analogous to (1.8)
is simply:
where we define a two-form Rμ with values in gl(n,C) by
and the trace is in any representation. Given (1.2), (1.11) generalizes the Virasoro anomaly to higher dimensions.
There are some noteworthy implications of the above simple argument. First, the principle of holomorphy determines the kinetic term in the induced "pion Lagrangian." Usually such kinetic terms (and their higher-derivative corrections) are regarded as coboundaries which definitely affect physics but are beyond the reach of the method of descent. Evidently, a principle analogous to our holomorphy principle in the context of QCD would have profound consequences 2 Second, quantization of free field theory is in principle straightforward, so we have provided a construction of higher dimensional counterparts of chiral algebras (in the sense of CFT), together with a realization of these algebras generalizing two-dimensional fermionization. 3 In the special case that X 4 is a product of Riemann surfaces on can define "projected algebras" which are exactly the chiral algebras of 2d CFT. These were first investigated in [11] and further studied in [1] . Related results on higher-dimensional fermionization are described in [19] .
In section nine we consider the induced action for a four-dimensional bc system in a special representation defined by an N = 2 hypermultiplet. In this representation the action (1.9) includes the W ZW 
Lagrangians for bc systems in 2n dimensions
In this section we define more precisely the Lagrangians of the higher-dimensional analogs of the 2d bc systems of [9] [10].
bc systems in 4 dimensions
Let E → X be a complex rank r hermitian vector bundle over a complex surface X.
We assume that E is equipped with a GL(r,C) connection (a,ā) so that the (0, 1) piecē ∂ā defines a holomorphic structure on E:∂ 2 a = 0. Note that we do not assume F 2,0 = 0.
The most obvious generalization of bc systems is defined by introducing the fermionic
We try the action:
This theory does not makes sense: the operator∂ā is not nearly Fredholm. Indeed, there is a large gauge symmetry:
which we refer to as Y -symmetry. We now fix it using the Faddeev-Popov procedure.
Introduce a ghost φ and an antighost multiplet (e,φ):
(fields with Greek letters commute, Latin letters anticommute.) We have a BRST Q-
We introduce the gauge-fixing term via the gauge fermion:
where ω is a positive (1, 1) form. For example we can take it to be the imaginary part of an hermitian metric on X.
The action of the gauge-fixed chiral bc system is
The equations of motion are:∂ā c = ∂ a (ωc) = 0 ω∂ a e −∂āb = 0
The explicit coupling to the gauge fields is:
where
In particular using the equations of motion we have:
Of crucial importance in this paper is the fact, following immediately from (2.7), that the coupling to a is Q-exact: δ δa S =J + ωāφ ⊗φ = {Q, ωcφ} (2.13) and hence the path integral must be a-independent. This is simply an example of the independence of gauge slice in Faddeev-Popov gauge fixing. More generally, one should be able to obtain equivalent results using different gauge fermions in (2.7). The same arguments suggest that that the dependence on the form ω is likewise Q-exact. This is more subtle, since ω can appear in the measure. We will return to this issue in section 7.2 below.
It is straightforward to introduce a coupling to a Beltrami differential coupling to μT with
T is essentially the stress-energy tensor with the volume form included. Since we have included the volume form we have index structure:
Remarks:
1. In an entirely similar way, if F 2,0 (a) = 0, butā is arbitrary we can gauge fix the action ω ∂ a e, c (2.16)
The scalars become (2, 0), (0, 2)-forms and the current coupling toā is Q-exact.
2. Henceforth in this paper for simplicity we assume that X is a Kähler manifold. This allows us to use the Kähler identities∂
where Λ is the contraction with the Kähler form. In section four we will integrate ∂ a by parts and write formulae in terms of (∂) † a .
Generalization to 2n dimensions
The generalization to 2n dimensions is straightforward. It is easiest to work on a Kähler manifold. The gauge fixing procedure now produces a sequence of ghosts for ghosts.
Schematically the Lagrangian has the form
Here b ∈ ⊕Ω 2p,0 (E * ) while c ∈ Ω 0,2p−1 (E) (and for simplicity we have omitted powers of the Kahler form ω). As we recall below the first term is simply the action for a Weyl fermion in a particular background gauge field.
bc systems as supersymmetric field theories

Chiralmultiplets and vectormultiplets in d = 4
On a Kähler surface X we can consider a chiral superfield Φ and twist it by a halfintegral twist with the R-current [11] [12] [13] . 5 The result is that we can turn the Weyl fermion into anticommuting form fields ψ α → c,ψα → b, e. Put more mathematically, we consider a chiral superfield Φ in the bundle E ⊗ K −1/2 . The conjugate superfieldΦ is in
, so, by a standard isomorphism, the fermions in the theory are sections:
Thus from a free superfield we get exactly the field content of the bc system. Moreover, under the isomorphism (3.1) the Dirac operator with spinor covariant derivative coupled
where V µ = ∂ µ log √ g is mapped to the Dolbeault operator according toσ·∇
, etc. Thus coupling to K −1/2 is equivalent to topological twisting by the R-current.
The action:
More generally, if we consider the coupled vectormultiplet-chiralmultiplet system in a vectormultiplet background with λ = F 0,2 = 0 (where λ is the gluino) the standard Lagrangian and the bc Lagrangian differ by Q-exact terms. Finally the supercurrentqα ,µ = σ ν σ µψ , ∇ ν φ is conserved when the background SYM fields are antiself-dual. Using the projectively covariantly constant spinor on a Kahler manifold we can produce the operator Q fromQȦ:
Even if f = 0 Q is still a conserved charge as long as F 0,2 = 0. We now recognize the bc system as a twisted Euclidean chiral supermultiplet in a supersymmetry-preserving background.
One may also consider the bc system corresponding to (2.16). Its partition function turns out to be related to that of a vectormultiplet, expanded in background field gauge.
Hypermultiplets and vectormultiplets in d = 6
The Lagrangians for hypermultiplets and vectormultiplets on Kähler manifolds in six dimensions can be related to bc systems along the above lines.
In d = 6, N = (1, 0) supersymmetry a hypermultiplet consists of Bose/Fermi fields Φ and ψ transforming in in the SU (4) × U Sp(2) R Lorentz × R-symmetry group as (1; 2) and (4; 1) respectively. On a Kahler manifold the holonomy group is U (3). Twisting by a linear combination of the U (1) in U (3) and the internal symmetries we produce the Lagrangian
where superscripts indicate the form type.
By choosing an appropriate twisting we have a scalar Q-symmetry:
such that the action is:
In much the same way, by gauge fixing
we produce the Lagrangian used for evaluating a d = 6, N = (1, 0) vectormultiplet in background field gauge.
d=2n
On a Kahler manifold there is a standard relation between the Dirac operator coupled to a vector bundle E ⊗ K ±1/2 X and the Dolbeault operator coupled to E [20] . Given an Hermitian vector bundle on an arbitrary Kahler manifold:
Under this isomorphism the Weyl operator becomes the Dolbeault operator according
Accordingly, the physical content of all higher-dimensional bc systems consists of a twisted Weyl fermion together with a set of (0, p)-form bosons. When coupled to a nontrivial vector bundle these theories are (noninteracting!) nonabelian p-form theories.
Defining the chiral partition function
Perturbation theory point of view
The most straightforward definition of the path integral of the bc system is as the generating functional for current correlation functions:
defined by perturbation theory inā,μ. Since the theory is simply a theory of a Weyl fermion together with a collection of bosons we can use the standard perturbation series of quantum field theory. The propagators can be defined, for example, by introducing a Dirac fermion with left and right currents coupled to different gauge fields. In the present case we expand inā,μ and use the free propagators:
This procedure plainly produces a holomorphic function ofā,μ. Of course, this procedure also produces infinities from divergences at coincident points. Thus the chiral perturbation series in fact depends on extra data, as is standard in quantum field theory. For example, defining the short-distance expansion of a Green's function requires comparing two fibers of a vector bundle at nearby, but different points. It is thus natural to introduce a complete connection A = (a,ā) when subtracting infinities.
Because of supersymmetric cancellations the leading term in the expansion is cubic in A. The resulting functional is of course anomalous under gauge transformations because of the Weyl fermion. The bosons only contribute to the anomaly through a coboundary.
In what follows we assume that the theory can be quantized with the standard formula for the gauge anomaly of Weyl fermions [14] [15] [16] .
Factoring Determinants point of view
The partition function (4.1) is formally evaluated by writing out the free field modes.:
in four dimensions, with a simple generalization to 2n-dimensions. In this paper we ignore moduli so zeromode insertions are not needed. As we have emphasized throughout the paper, if there is no Y -anomaly then in fact Z ch is only a function ofā.
The expression (4.3) is formal. Any definition using determinants must face up to the fact that∂ +∂ † is an operator between different spaces. The time-honored approach to this difficulty is the introduction of a system of the opposite chirality:
In terms of the Weyl fermions we are introducing the complex conjugate representation. We can define a measure on the resulting theory. 6 Coupling the opposite chirality to the gauge fields (b,b) we obtain the general nonchiral system:
From the Q-symmetry of the classical action for nonchiral system (provided that
where C local [a,ā; b,b] is a local counterterm. Note that we do not impose any conditions on gauge fixing fields a,b.
In order to compute nonchiral function Z nonchiral [ā, b] we will take a = b, andb =ā, so that we get, up to local counterterms:
The right hand side of this equation is nothing but Ray-Singer (RS)-torsion, and the problem of computation of chiral part of the partition functon is therefore just the problem of factorization of RS-torsion into a product of terms depending only onā and b up to local counterterm:
We will study the generalized RS-torsions (containing µ) their factorizations and corresponding gauge and diffeomorphism anomalies of chiral systems with the help of supersymmetric quantum mechnanics in the next section.
6 For a real representation on a hyperkahler manifold we could define a mass term using the nowhere-vanishing (2, 0) form.
4.2.1.Determinant lines and Quillen norms
There is a well-developed mathematical theory of the objects (4.3): this is the theory of determinant lines and Quillen metrics. Z ch should be regarded as a section of a determinant line bundle λ over a parameter space S. In this case λ is dual to the line bundle
where Λ mx is the maximum exterior power. While λ is canonically trivial (absence of zeromodes) it carries a highly nontrivial Quillen metric:
which is again RS-torsion [21] . The zeromodes are easily reinstated in the above formulae.
The above remarks generalize straightforwardly to the 2n-dimensional case.
It turns out, as we will demonstrate in the next section that the nonchiral partition function can be split holomorphically:
where Γ is a nonlocal, but holomorphic functional, while K is a local, but nonholomorphic functional. exp Γ defines the chiral partition function Z ch .
Three derivations of the chiral partition function
In this section we describe three methods to evaluate the partition function forā,μ satisfying (1.3).
Anomaly plus holomorphy
For simplicity we work in four dimensions, putμ = 0, and consider the definition of the chiral partition function via the perturbation expansion. The process of gauge fixing introduces a (1, 0) connection a. Let us assume that the perturbation expansion (4.1)
can be regularized so that under unitary gauge transformations we have the standard anomalous variation:
for a cocycle α s derived from the descent procedure. Explicitly, in 4-dimensions we have the standard formula
where A = a +ā and with the corresponding Lie algebra cocycle ( for g = 1 + ǫ + · · ·)
given by: Trǫ[2(dA)
Evidently, the standard cocycle depends on both a andā, so the standard regularization violates BRST decoupling. Nevertheless, one can introduce the counterterm:
and check, by direct calculation, that
Therefore the chiral partition function Z ch (ā) ≡ e iγ(a,ā) Z ch,s (a,ā) satisfies:
with the group cocycle:
Now we can analytically continue formula (5.5) from unitary to complex transformations and (locally) gauge awayā:ā = g −1∂ g. Thus theā-dependence of the chiral partition function is given exactly by the effective action:
This is a central result of this paper. Later we will give two more derivations of this formula and will also include gravity (via the diffeomorphism dependence of the chiral partition function).
Recall that in two-dimensions the trivial cocycle is also fixed by holomorphy and leads to the kinetic term in the W ZW 2 action. In 4d there is an analogous term but it is of dimension four. An ambiguous term Trāα remains, where α is a 2, 1 form. (For example, it could be that α ∼ ω∂K 0 for the background Kahler metric.)
Remark: On general grounds one expects that in 2n dimensions there is a local counterterm γ(a,ā) satisfying (5.6). This counterterm should be closely related to the "Bardeen counterterm" relating VA and LR forms of the anomaly [16] . In any case, the explicit form of γ(a,ā) is not needed for the construction of the chiral cocycle Lagrangians below.
Family index theorem and the Quillen anomaly
Let us now recall the topological interpretation of anomalies following from the family index theorem [22] [20] [23] . The (differential form version) of the family index theorem has already been applied in this context in [24] [25] and, most definitively, by Bismut, Gillé and Soulet [21] . The determinant line bundle λ → S over a parameter space S has first Chern class:
(5.8)
where Z → S is fibered by X, T 1,0 Z is the relative tangent bundle, andÊ is the universal bundle. In fact, using ζ-function regularization we may choose the Bismut-Freed connection on λ and obtain an explicit differential form representative of the RHS of (5.8). When the parameter space is a quotient by a gauge group e.g. S = A/G then the line bundle λ descends from a G-equivariant line bundle on A. The curvature is directly related to the equivariance of Z(a,ā) under gauge transformations.
One may explicitly evaluate the RHS of (5.8) using the techniques explained in the next section. Putting R = 0 for simplicity we find, by direct computation, that (5.8) has the form ∂ (S)∂(S) β(a,ā) where
Thus we have justified (4.10) with K(a,ā) = β(a,ā). Of course, the full partition function is (unitarily) gauge invariant while β is not. Indeed from the the gauge transformations of β one can derive the holomorphic action Γ[ā]:
and hence the derive chiral partition function. We will describe the formula in the next section.
Derivation from supersymmetric quantum mechanics
One rather direct way to prove the index theorems uses supersymmetric quantum mechanics [26] [27] . Using the techniques used to prove the index theorems one can also study the Lie algebra cocycles. This method is very simple and, in the case of diffeomorphism cocycles is the most direct route to the answer.
As is well-known Ray-Singer torsion can be defined using a trace in a supersymmetric quantum mechanics system with bosonic coordinates φ i ,φī and corresponding fermionic coordinates ψ i ,ψī. Suppose we have two∂-operators: (∂ +μ 1 · ∂ +ā 1 ) 2 = 0, and (∂ +μ 2 · ∂ +ā 2 ) 2 = 0. Introducing a reference Kahler metric g (0) we can take
† as right and left arrows respectively in the complexes:
This complex can be realized in the context of supersymmetric quantum mechanics: Using standard manipulations and the properties Q 
Let us give two examples of results easily obtained in this way.
5.3.1.Gauge cocycle
First, let us putμ = 0, work in 2n dimensions with a Euclidean metric, and consider "chiral gauge transformations" (a,ā) → (a,ā +∂āǫ). We then recognize (5.13) as the formula used in the evaluation of anomalies using the "Fujikawa method, " and hence the answer for the infinitesimal cocycle follows immediately:
Trǫ F (a,ā) n (5.14)
As in the previous two sections we observe a violation of Q-symmetry since the infinitesimal cocycle depends on a, and as in the previous two sections we can add a local counterterm to remedy this. 8 The resulting cocycle is simply obtained by putting a = 0 to give:
Trǫ ∂ā) n (5.15)
5.3.2.Diffeomorphism cocycle
We now indicate how one may include theμ dependence in our results. For simplicity we take the simplest case ofā 1 =ā 2 =μ 2 = 0, but work in 2n dimensions. In our supersymmetric quantum mechanics the bosonic coordinates are φ i ,φī with fermionic partners ψ i ,ψī and Q-symmetries: 
where K is the Kahler potential.
The result for (5.13) is easily obtained following closely the manipulations in section 11 of [28] . The result is simply expressed in terms of the Todd class with the curvature (in holomorphic frame indices a, b, ...) shifted by:
Note that this appears to be a consistent, not a covariant anomaly. However, under holomorphic gauge transformations acting only onā it is in fact a consistent anomaly. 8 The explicit form of this counterterm, β(a,ā) is given in the next section.
Explicitly, taking the metric to be flat: by integrating both variations. Putting a = 0 we can then obtain the chiral partition function. The resulting action is described in section seven below. Similar remarks apply to the diffeomorphism case.
Holomorphic descent and Bott-Chern classes
In the previous section we have argued that the chiral bc partition function is simply Let us begin by recalling the usual construction of secondary characteristic classes.
If P (F ) is an invariant polynomial on the Lie algebra g of a gauge group then, under an arbitrary variation of the gauge field:
Integrating this along a path between two connections gives the Chern-Simons form:
From gauge variation of A 1 , holding A 0 fixed we obtain the standard descent tower:
leading to the standard group cocycle for gauge anomalies.
Bott-Chern classes
Let us now assume that X has a complex structure and that F is of type (1, 1) : that is (a,ā) ∈ A 1,1 , may be written as:
For a unitary connection g R = g † L , but we will not assume this in general. This connection defines a holomorphic vector bundle E with holomorphic framing defined by∂ā e = 0. It follows from (6.4 
unitary connections h is a hermitian metric on the holomorphic bundle E. Thus we may equivalently think of the background data as a connection in A 1,1 or as a quadratic form on a holomorphic bundle E. Unitary connections correspond to positive hermitian forms.
Using the complex structure we may decompose
under an arbitrary variation of connection. Moreover, if we are taking a variation of A within A 1,1 then the variation is formally equivalent to a gauge transformation:
and hence, by the descent formalism a variation δP (F ) along A 1,1 is in fact ∂∂ exact:
Integrating this equation along a path gives the Bott-Chern holomorphic secondary classes:
which should be viewed as the analog of (6.2). The functional exp X 2n R(h 1 ; h 0 ) is the ratio of two nonchiral partition functions of the type described in the previous section.
Holomorphic descent
It is important to stress that the Bott-Chern classes are not precisely the group cocycles that we want. These lead to the infinitesimal gauge cocycles TrǫF (a,ā) n (6.9)
Recall that we must maintain Q-symmetry, and consequently a-independence. This is easily remedied by adding the coboundary β mentioned in the previous section. Indeed, let (a,ā) be on A 1,1 . Then
where β is local and given explicitly by:
where Str is the graded symmetrized trace. This can be more elegantly written as:
where A(x, s, t) = ta(x) + sā(x) and ds, dt have type (1, 0) and (0, 1) respectively.
The addition of δ 1,0 β (where δ 1,0 takes a gauge variation ofā holding a fixed) converts (6.9) to the holomorphic cocycle Trǫ(∂ā) n (6.13)
The condition F 0,2 (ā) = 0 is crucial here.
The infinitesimal cocycle (6.13) can also be derived directly by the following holomorphic version of the descent procedure. Again let P be an invariant polynomial on the Lie algebra g. We consider the (n + 1, n + 1)-form P (∂ā). We assume F 0,2 = 0 so it is ∂ and ∂ closed. Under an infinitesimal gauge transformation
The (n, n) form ℘(ǫ, ∂ā) is a Lie algebra cocycle. Equivalently, we may write:
and, under gauge transformationā →ā +∂āǫ:
where ξ n−1,n+1 is some form. In this way we recover the holomorphic cocycle ℘.
Chiral Cocycle Theories
In this section we briefly examine the effective actions induced by bc systems. These generalize the W ZW theories of two and four dimensions.
Gauge transformations
From the infinitesimal cocycle of the previous section we obtain the equation of motion
The corresponding group cocycle is easily written as follows. Let us extend the field g from X 2n to X 2n × D where D is a disk and g = 1 on the outer rim of the disk. We may then simply take:
The action is independent of small changes of extension and a variation of g leads to the equations of motion (7.1). Moreover,
by a local functional of g and hence exp κΓ[g] is single-valued for an appropriate constant κ.
One can write the action (7.2) in many ways. One way to make contact with the standard WZ term is to take an extension g(x, w) which only depends on the radial coordinates:
g(x, w) = g(x, |w|). The integral over the disk reduces to an integral over an interval. This presentation also makes contact with higher-dimensional Chern-Simons theories [14] [30].
In four dimensions
where for g = exp φ. This is closely related to the Plebanski action for self-dual gravity [31] .
10
9 While this equation is rather peculiar it is worth noting that it is not more than second derivatives in any one coordinate and hence probably has a reasonable initial value problem. 10 Quantization of this action and of similar actions has been studied by A. Gerasimov.
These actions satisfy some curious properties. For example, a four-dimensional extension of the Polyakov-Wiegmann formula is
Tr ℓ 1 (r 2 ∂r 2 + ∂r 2r2 ) +r 2 (ℓ 1∂ ℓ 1 +∂ℓ 1 ℓ 1 ) − 3r 2 ℓ 1r2 ℓ 1 (7.5) where r = ∂gg −1 ,r =∂gg −1 . This equation might be of use in trying to define a quantum version of the theory.
Nontrivial background metric
It is instructive to compute a nonchiral partition function Z nonchiral [a,ā, γ] in the presence of a nontrivial background Kähler metric γ. This metric enters the partition function through the measure. (Here we work at fixed complex structure.) As explained in sections five and six, the variation of Z nonchiral [a,ā, γ] can be extracted from holomorphic descent. Therefore, in four dimensions we start with the differential form following from the characteristic class:
Here the curvature on T 1,0 X is R =∂(γ −1 ∂γ) and we write c 1 (
. The trace of powers of F is taken in the representation of G, which corresponds to the choice of E. In the subsequent formulae this is implicitly understood.
7.2.1.Nonchiral partition function
We now use (7.6) to split holomorphically the nonchiral partition function on A 1,1 :
where g L , g R are defined in (6.4) . The chiral splitting function now becomes
Tr(aā)c 1 (R) (7.8)
Hence we find:
where for any two-form Ω we define: 10) and log det g in (7.9) is to be understood as Tr E log g. When Ω is the Kahler form of a
Kahler metric (7.10) is simply the "W ZW 4 action" studied in [1] .
7.2.2.On chiral partition functions
Equation ( Nevertheless, the cocycles associated with these terms appear to be nontrivial. In fact, however, if c 1 (R) 2 + c 2 (R) can be written as ∂∂α 1 (as is always true locally) then we may integrate by parts in the third term to obtain the local counterterm
By the same token, holomorphic factorization cannot determine this term uniquely. There is always the possibility of adding a term ∂∂α log det g to the action Γ[g].
In an similar way, the second term in (7.9) may be regarded as following from a "trivial" cocycle due to the identity:
∂α 2 Tr(ā∂ā) = 2 ∂ ∂α 2 Tr(ǫ∂ā) (7.12) Clearly, one can add δ 1,0 -exact terms, local inā and the external metric γ to the chiral cocycle Lagrangian. This point, which plays a role in making contact with the N ws = 2 string needs further clarification.
7.2.3.Dependence of the nonchiral partition function on the background Kähler metric
If we wish to regard the Kähler metric as dynamical then we must include the contribution to the Bott-Chern class coming from the last term in (7.6). These are not determined by holomorphic splitting in a,ā, but are determined from the family index theorem computations. Thus, if we compare the nonchiral partition function in a background Kähler metric γ ij dz i dzj to the partition function on a flat background we find [21] :
where σ = log det γ. This is the higher-dimensional analog of the conformal anomaly.
Again, the metric dependence comes from the measure of the non-chiral system, as is confirmed by the locality of (7.13). The higher dimensional analogue of the Polyakov action is obtained by considering the difference:
For example, ∂σ∂σ∂∂σ is promoted to 1 96
where σ = log det γ − log detγ.
Diffeomorphism Cocycles
As a step towards making the complex structure dynamical we now state some results
showing how considerations parallel to those in the gauge theory apply to the group of chiral diffeomorphisms. Such diffeomorphisms are defined as follows. Let f stands for a vector of functions f i (z 1 , . . . , z n ,z 1 , . . .z n ). We consider the z,z to be independent 11 and consider the group action: f •g(z,z) ≡ f (g(z,z),z). We will adopt the active viewpoint: all functions whose arguments are not explicitly indicated are evaluated at (z,z). We define
j . Dot · always denotes (finite dimensional) matrix multiplication.
11 For example, we could work in a real space of signature (n, n).
We define the Beltrami differentialμ[f ] to be the matrix:
One easily verifies the composition law:
and hence, under the infinitesimal right action f → f • ℓ defined by ℓ = z − v(z,z) we have right action on the space of Beltrami differentials:
Here ∂v = ∂ i v j is regarded as a matrix-valued function.
Let us now try to find an action Γ[f ] whose variation under the right chiral diffeomorphism is a local functional of the Beltrami differential. Such an action must be the result for theμ-dependence of the chiral partition function (1.2). The answer is easily motivated by recalling the close relation between the diffeomorphism and local Lorentz anomalies.
We define the action for diffeomorphisms to be:
where, to any f we associate the inverse, denoted as F and defined by f • F = F • f = z and where on the right hand side we use the action (1.9) for a GL(n,C) matrix. Under the right diffeomorphism action f → f • ℓ, ℓ = z − v(z,z), which is equivalent toμ → δ vμ we have
where we define a (1, 1)-form Rμ with values in gl(n,C) by
Comparing with (5.18) we see that we have produced the group cocycle for diffeomorphisms.
This action defines higher dimensional generalizations of the Virasoro algebra. Indeed, since there are many invariant polynomials on the Lie algebra gl(n,C) there are many generalizations of the Virasoro algebra corresponding to different representations of gl(n,C) in (8.5). For example, to get the cocycle related to the Todd class in 4 dimensions one must choose the virtual representation R of U (2) such that Tr R (x) = 1 48
, where F is the fundamental of U (2). This concludes the computation of theμ dependence of the chiral partition function for four-dimensions.
Hypermultiplets and self-dual geometry
In this section we restrict attention to four dimensions. For bc in a general representation of the gauge group the equation (7.1) is fourth-order in derivatives. However, there is one very special class of representations leading to more conventional field theories. Let us choose a vector bundle of the form (E ⊕ E * ) ⊗ H where H is a line bundle. In more physical terms, we consider a gauge group U (N ) × U (1) with left-handed fermions in the
Given the relation of bc systems to twisted supersymmetry explained above we see that the representation (9.1) is extremely natural yet special: it is simply a hypermultiplet for an N = 2 U (N ) supersymmetric gauge theory.
Note that the choice of representation leads to a cancellation of the standard non- An immediate corrollary of this result is that we have fermionized the algebraic sector current correlators described in [1] , in analogy to fermion/boson correspondence in W ZW 2 .
The connection between (9.1) and the W ZW 4 theory was pointed out in [1] . It has also been discussed recently in [32] . Comparing with (9.3) we see that identifying K with ϕ and g with e π we obtain similar equations. According to the remarks in section 7.2.2 above we can introduce local counterterms of the type (7.11)(7.12) to bring (9.3) to precisely the form (9.4) of the open N ws = 2 string.
Conclusions
In conclusion we comment on a few possible applications of the above results.
The next step following the above investigation is the formulation of the higher dimensional analogs of the Knizhnik-Zamolodchikov equations. This is currently under study.
Moreover, the relation to the W ZW 4 theory opens the way to an investigation of some representations of higher dimensional current algebras. Holomorphic gauge transformations lead to Q-exact changes in the action. We may thus expect that the Q-cohomology of the free field Hilbert space of a Kähler-twisted chiral supermultiplet (more generally of a bc system on any complex manifold) supports a representation of higher loop gauge algebras.
We hope to discuss this elsewhere [34] . It is quite likely that representations related to bc systems will shed some light on the results of Borcherds and Jorgenson and Todorov concerning determinants of∂ operators on Calabi-Yau manifolds [35] [36].
An important avenue for generalizing these results is the generalization from Kähler to Hermitian metrics. This can probably be accomplished using the supersymmetric quantum mechanics techniques discussed above. This generalization is necessary to discuss the relation of the diffeomorphism anomalies with the "higher dimensional conformal anomalies" such as (7.13) . This is currently under investigation [37] .
There are other interesting generalizations defined, for example adding superpotentials, dynamical vectormultiplets, and supergravity. It remains to be seen if these are tractable. Some results in this direction have been obtained in [11] .
Also, given the close analogy to [7] [8], it is natural to expect that these results will have an application in defining a four-dimensional analog of bosonization.
Finally, these results might find some application in understanding string duality. First of all, the diffeomorphism cocycles we have uncovered might be of some use in quantization of p-branes as quantum mechanical objects. Second, the N ws = (2, 1) heterotic string has recently played a role in attempts to achieve a deeper understanding of string duality [38] .
The relevant geometry appears to be self-dual geometry with torsion. It would be very interesting to generalize the results of this letter to include these systems.
